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Abstract
We calculate the effective Komar conserved quantities for the N +1 dimensional charged
Myers-Perry spacetime. At the event horizon we derive a new identity Kχµ = 2ST where
the left hand side is the Komar conserved quantity corresponding to the null Killing vector
χµ while in the right hand side S, T are the black hole entropy and Hawking temperature.
From this identity we also derive the generalized Smarr formula connecting the macroscopic
parameters M, J, Q of the black hole with its surface gravity and horizon area. The
consistency of this new formula is established by an independent algebraic approach.
1 Introduction
Einstein’s general theory of relativity describes gravity as a 3+1 dimensional curved spacetime. A
remarkable prediction of this theory is the existance of black holes which represent disconnected
regions of spacetime manifold. The event horizon of a black hole separates it from the rest of
the spacetime. This horizon acts as a one way membrane so that particles can enter in a black
hole but nothing can escape from it. According to the no hair theorem, the most general black
hole solution (Kerr-Newman) in 3+1 dimensions can have only three parameters; mass, charge
and angular momentum. In 1973, Smarr [1] showed that the mass of a Kerr-Newman black hole
can be written as a sum of three terms; surface energy, rotational energy and electromagnetic
energy. The infinitesimal surface energy which consists of a product between surface gravity and
increment of horizon area was identified as entropic energy by Bekenstein [2, 3, 4]. This idea
was put on a firm footing when Hawking [5, 6] showed that, contrary to the classical picture,
black holes radiate energy and have temperature and entropy.
The idea of higher dimension, which at first appeared as a mathematical generalization,
has some interesting applications in physics. Considering compactification of extra dimensions,
it has been suggested that, the large hierarchy between the weak scale and the fundamental
scale of gravity can be eliminated [7, 8]. In such a scenario black holes may appear as higher
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dimensional objects if the horizon area of a black hole is much smaller than the size scale of the
extra dimensions [9]. As an approximation one can describe these black holes as solutions of
higher dimensional Einstein’s theory. In fact, it has been even argued that there is a possibility
of creation of higher dimensional black holes in future Large Hadron Collider [10]. From this
perspective studying black hole physics in arbitrary dimension has some theoretical as well
as phenomenological importance. Though the spherically symmetric black hole solutions of
higher dimensional Einstein’s theory was discovered long ago [11], research in this area remained
dormant for quite sometime. However, observing the applications of higher dimensional theories,
interest was renewed and different other black hole solutions were found [12, 13, 9]. Among
these, the spherically symmetric solutions are unique solutions of Einstein’s equation in higher
dimensions but the rotating black holes are not [14]. In fact in (4+1) dimensions a black
ring solution appears together with the rotating solution having the same mass and angular
momentum [15]1. Though the properties of rotating black holes [12] were studied thoroughly
but the generalization to the charged case[13, 9] has not recieved much attention.
In the present paper we perform a detailed study to explore various important features of
charged, rotating black holes in arbitrary dimensions. We first discuss the thermodynamical
properties of charged Myers-Perry black holes. Then using an algebraic approach, motivated by
the work of Smarr [1], we find a mass formula for N + 1 dimensional Reissner-Nordstrom black
hole. However this method cannot be generalized to the rotating case. We therefore develop
an alternative scheme which involves the knowledge of conserved quantities of the respective
spacetime. These conserved quantities are related to various Killing symmetries and are found
by evaluating the Komar integrals. The Komar integrals are evaluated at the boundary of a
spatial hypersurface in a spacetime. The exact nature of this surface must be r = constant with
time synchronised events [17, 18, 19]. This gives freedom to calculate these conserved quantities
explicitly on any such surface, which need not be the asymptotic surface or event horizon of a
black hole. These quantities are used to find the Komar conserved quantity (Kχµ) at the event
horizon corresponding to the null Killing vector χµ. This leads to the remarkable dimension
independent identity, Kχµ = 2ST . Here (S) and T are the black hole entropy and Hawking
temperature respectively. The profound nature of this identity is that although each individual
term is dimension dependent they together satisfy an identity which is completely dimension
independent. As an application of this identity we derive the generalised Smarr formula for the
charged Myers-Perry black holes.
To put our analysis in a proper perspective let us compare it with other approaches for
obtaining the Smarr formula. Before that let us recall that our obtention of the Smarr formula
is a byproduct of the identity Kχµ = 2ST elaborated above. In our analysis the emphasis is
more on this identity and on the derivation of various Komar integrals leading to it. The other
approaches that we now discuss are basically geared for only deriving the Smarr formula. The
original method of Smarr [1], applicable to four dimensions, was based on exploiting Euler’s
theorem on homogeneous functions. We show in section 3 that, while it is possible to extend the
method to arbitrary dimensional Reissner-Nordstrom black holes, the same is not obvious for
the charged Myers-Perry example. The other approach is due to Bardeen, Carter and Hawking
[20] which is metric independent. But here also the results are available in four dimensions.
The derivation of Smarr formula for higher dimensional Kerr-AdS black holes has been recently
provided by Barnich and Compere [21]. In this method they modify the surface integrals to
compute various conserved charges for both flat and AdS backgrounds. One can also try to
generalise this approach for the charged Myers-Perry spacetime where the solution space is
actually parametrized by three black hole parameters M, a, Q. In this paper, however, we are
adopting a different approach to derive the generalised Smarr formula for this spacetime. We
do not modify the surface integrals. Rather, we evaluate the standard Komar integrals at the
1for an extensive review on higher dimensional black holes see [16]
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boundary of a N dimensional spatial hypersurface. This boundary is at constant finite radial
distance and contains only time synchronised events. As a result we are able to explicitly derive
the effective values of Komar conserved quantities. At asymptotic infinity they reproduce the
observed mass(M) and angular momentum(J) of the black hole. Using the Komar conserved
quantities we derive the identity Kχµ = 2ST . The generalised Smarr formula follows from this
identity. This formula is also shown to be compatible with the first law of thermodynamics.
The organization of the paper is as follows. In the second section, we study the thermo-
dynamical properties of the charged Myers-Perry black hole in arbitrary dimensions. Using an
algebraic approach we derive the Smarr formula for the N +1 dimensional Reissner-Nordstrom
black holes in section 3. After that in section 4 we emphasize the importance of Killing sym-
metries to find the effective Komar conserved quantities. At the event horizon, these results are
used to obtain the identity Kχµ = 2ST . This identity is used in section 5 to find the generalized
Smarr formula and first law of black hole thermodynamics. We conclude in section 6. There are
two appendices; dimensional reduction of the metric is discussed in appendix A while Komar
integrands are explicitly given in appendix B.
2 The higher dimensional black holes
The spacetime metric for the N + 1 dimensional charged Myers-Perry black hole in Boyer-
Lindquist type coordinates, with one spin parameter (a), is given by [9, 13]
ds2 = −
(
1− m
rN−4Σ
+
q2
r2(N−3)Σ
)
dt2 +
rN−2Σ
∆
dr2 +Σdθ2 − 2a(mr
N−2 − q2) sin2 θ
r2(N−3)Σ
dtdφ
+
(
r2 + a2 +
a2(mrN−2 − q2) sin2 θ
r2(N−3)Σ
)
sin2 θdφ2 + r2 cos2 θdΩ2N−3, (1)
with the following identifications,
∆ = rN−2(r2 + a2)−mr2 + q2r4−N , (2)
Σ = r2 + a2 cos2 θ, (3)
dΩ2N−3 = dχ
2
1 + sin
2 χ1[dχ
2
2 + sin
2 χ2(· · ·dχ2N−3)]. (4)
The electromagnetic potential one form for the spacetime (1) is
A = Aµdx
µ = − Q
(N − 2)rN−4Σ(dt− a sin
2 θdφ). (5)
In appropriate limits this metric reproduces the N +1 dimensional spherically symmetric, static
Schwarzscild, Reissner-Nordstrom [11] and axially symmetric, rotational Myers-Perry spcetime
[12].
It must be stated that the metric (1) is a solution of the Einstein-Maxwell equation only for
linear order in a [9]. However in our subesequent analysis we keep all terms involving a. Finally
it will be shown that the arbitrary dimensional result for the Smarr formula, compatible with
black hole thermodynamics, can be recovered only if terms linear in a are retained.
The determinant (g) of the metric (1) gives
√−g = √γΣrN−3 sin θ cosN−3 θ, (6)
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where γ is the determinant of the metric (4). The parametrers m, a, q are related with the
physical mass (M), angular momentum (J) and charge (Q) through the relations given by
M =
AN−1(N − 1)
16piG
m (7)
J =
AN−1
8piG
ma (8)
Q = ±
√
(N − 2)(N − 1)AN−1
8piG
q (9)
Here AN−1 is the area of the unit sphere in N − 1 dimensions
AN−1 =
∫ 2pi
0
dφ
∫ pi
0
sin θ cosN−3 θdθ
N−3∏
i=1
∫ pi
0
sin(N−3)−i χidχi =
2piN/2
Γ(N/2)
. (10)
The position of the event horizon is represented by the largest root of the polynomial ∆r=r+ = 0.
The angular velocity at the event horizon is given by
ΩH =
a
r2+ + a
2
. (11)
Let us now calculate the area of the event horizon for the spacetime metric (1). This is given
by the standard definition of horizon area by integrating the positive square-root of the induced
metric (η) on the N − 1 dimensional spatial angular hypersurface (Σ) for fixed r = r+
AH =
∫
Σ(r=r+)
√
|η| dN−1Σ. (12)
The result of the integration yields,
AH =
4pirN−3+ (r
2
+ + a
2)A¯N−3
N − 2 . (13)
Here A¯N−3 is the area of N − 3 dimensional angular hypersurface represented by the angular
variables χj-s
A¯N−3 =
N−3∏
i=1
∫ pi
0
sin(N−3)−i χidχi =
pi
N
2
−1
Γ(N2 − 1)
. (14)
Therefore the semiclassical black hole entropy, as given by the Bekenstein-Hawking formula,
yields
S =
AH
4
=
pirN−3+ (r
2
+ + a
2)A¯N−3
N − 2 . (15)
To find the Hawking temperature we shall take help of Hawking’s periodicity argument [22].
Such analysis can be simplified by considering the near horizon effective metric of (1). Near the
event horizon the effective theory is driven by the two dimensional (t − r) metric [23]-[26]. In
our case the two dimensional metric is given by (see appendix A) (A.10). Now the metric (A.10)
has singularity at r = r+. To remove this singularity consider the following transformation
x =
1
κ
F 1/2(r) (16)
4
where κ, the surface gravity of the black hole (1), is given by
κ =
F ′(r+)
2
=
(N − 4)(r2+ + a2) + 2r2+ − (N − 2)q2r2(3−N)+
2r+(r2+ + a
2)
. (17)
Substituting (16) in (A.10) and then euclideanizing (i.e. t = iτ) we obtain,
ds2eff = (κx)
2dτ2 +
( 2κ
F ′(r)
)2
dx2. (18)
This metric is regular at x = 0 and τ is regarded as an angular variable with period 2pi/κ,
which is regarded as the inverse of Hawking temperature (in units of ~ = 1). Hence the explicit
expression for Hawking temperature is given by,
T =
κ
2pi
=
(N − 4)(r2+ + a2) + 2r2+ − (N − 2)q2r2(3−N)+
4pir+(r2+ + a
2)
. (19)
In appropriate limits, (15) and (19) reproduce the entropy and Hawking temperature for all
other black holes in N + 1 dimensions.
3 Algebraic approach to Smarr formula in Reissner-Nordstrom
black holes
In the last section we have introduced the higher dimensional black holes in Einstein and
Einstein-Maxwell gravity. In this section we shall derive a mass formula for N + 1 dimen-
sional Reissner-Nordstrom black holes. This will be done in an algebraic approach which is a
generalisation of the method used by Smarr [1].
The metric for the N +1 dimensional R-N black hole is easily found by setting a = 0 in (1).
Similarly all other physical entities like the horizon radius, horizon area, Hawking temperature
and black hole entropy for this spacetime are obtained from the respective expressions of section1.
The horizon condition, ∆|r=r+ = 0 (for a = 0), is simplified as
rN−2+ =
m
2
+
√
m2
4
− q2 (20)
Substituting this result in the expression of horizon area (13) (with a = 0), we find
AH =
4piA¯N−3
N − 2
(
m
2
+
√
m2
4
− q2
)N−1
N−2
. (21)
Now inverting this relation we obtain m in terms of AH and q, given by
m =
(
(N − 2)AH
4piA¯N−3
)N−2
N−1
+ q2
(
4piA¯N−3
(N − 2)AH
)N−2
N−1
. (22)
The differential form of this relation yields
dm = t dAH + φ˜ dq (23)
where,
t =
∂m
∂AH
=
(N − 2)
(N − 1)A¯N−3
T (24)
φ˜ =
∂m
∂q
=
2q
(N − 2)rN−2+
(25)
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and the Hawking temperature T is defined in (19) with a = 0. From (22) we find that m is a
homogeneous function of degree N−2N−1 in (AH , q
N−1
N−2 ) respectively. Therefore making use of the
Euler’s theorem on homogeneous functions it follows that
m =
(N − 1)
(N − 2) tAH + φ˜ q. (26)
Now let us express this relation in terms of physical mass (M), charge (Q), temperature (T ) and
electric potential (Φ) by using (7), (9), (19) and (5) respectively. Here Φ is the timelike part of
the guage potential Aµ = − Q(N−2)rN−2 (1, 0, 0, 0, · · ·) (also follows from (5) with a = 0) and this
can be calculated as follows. The N+1 dimensional R-N black hole being spherically symmetric,
the global timelike Killing vector is ξµ = (1, 0, 0, 0, · · ·). Therefore the scalar potential is found
to be
Φ = ξµAµ
∣∣
r=∞
− ξµAµ
∣∣
r=r+
= 0−
(
− Q
(N − 2)rN−2+
)
=
Q
(N − 2)rN−2+
. (27)
Now exploiting (7), (9), (19)and (27) and using (10), (14) one gets the desired result for the
Smarr formula, as given by
M −QΦ = N − 1
N − 2
κAH
8pi
. (28)
Note that for Q = 0 it yields the correct result for the N + 1 dimensional Schwarzschild black
hole [12] and for N = 3 it reduces to the well-known result for 3+1 dimensional R-N black hole
[27].
Although the above algebraic approach successfully yields the Smarr formula for the R-N
black holes, unfortunately this cannot be generalized to the rotating case. The reason for this is
that we cannot write the horizon radius as a function of mass and angular momentum, mimicing
(20). A similar problem arises for the charged, rotating case (1). In the subsequent part of this
paper we develop a new technicque, using the concept of Killing symmetries and effective Komar
conserved quantities, which solves this problem.
4 Killing vectors, conserved charges and the identity Kχµ = 2ST
A spacetime encoded with symmetries is known to have conserved physical entities. These
symmetries are actually characterised by the Killing vectors. Depending upon the number of
these vectors one can associate an equal number of conserved quantities. These are known
as Komar conserved quantities [28, 29]. For an axially symmetric stationary spacetime one has
multiple Killing vectors. In fact for the metric (1) there are two Killing vectors ξµ(t) = (1, 0, 0, 0···)
and ξµ(φ) = (0, 0, 0, 1, · · ·). The conserved quantities corresponding to these vectors are given by
[28, 29]
Kξµ
(t)
= − 1
8piG
∫
ξµ;ν(t) d
N−1Σµν (29)
and
Kξµ
(φ)
= − 1
8piG
∫
ξµ;ν(φ)d
N−1Σµν . (30)
respectively.
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When these expressions are calculated at asymptotic infinity they give distinct black hole
parameters (mass or angular momentum) upto some normalisation constant. For example take
the case of (3+1) dimensional Kerr-Newman black hole where the results at asymptotic infinity
are lim
r→∞
Kξµ
(t)
= M (the normalisation (8piG)−1 is choosen so that the result matches with the
Newtonian mass in the weak field approximation) and lim
r→∞
Kξµ
(φ)
= −2J . Based on these results
one can now define a Komar mass (M) and Komar angular momentum (J) for (3+1) dimensional
Kerr-Newman black hole in the following way
M(3+1) = −
1
8piG
∫
Σ(r→∞)
ξµ;ν(t) d
2Σµν (31)
and
J(3+1) =
1
16piG
∫
Σ(r→∞)
ξµ;ν
(φ)
d2Σµν . (32)
These definitions are often found in text books[30]. However, note that while the normalisations
between (29) and (31) do not differ they are not same for (30) and (32). This difference is
required for the correct identification of the black hole angular momentum (J). Incidentally,
when we are dealing with higher dimensions like the spacetime metric (1) the normalisation for
the black hole mass (which should match with the Newtonian mass in the weak gravity limit)
also needs to be changed from its usual value as appears in (29). These identifications finally
define the Komar mass and angular momentum for the N +1 dimensional charged Myers-Perry
black hole [12],
M(N+1) = −
(N − 1)
16piG(N − 2)
∫
Σ(r→∞)
ξµ;ν(t) d
N−1Σµν (33)
and
J(N+1) =
1
16piG
∫
Σ(r→∞)
ξµ;ν(φ)d
N−1Σµν . (34)
The importance of these subtle issues will be discussed in more detail later on.
Now we want to calculate the general expressions for the Komar integrals (29) and (30). The
motivation of doing that is to find the effective values Kξµ
(t)
and Kξµ
(φ)
which are valid for the
entire region, i.e. on and outside the event horizon. In order to do so the first step is to write
these equations in the following coordinate free dual two form [18, 19], [31]-[33]
Kξµ
(t)
= − 1
8piG
∫
∗dσ (35)
Kξµ
(φ)
= − 1
8piG
∫
∗dη (36)
where the timelike and the spacelike one forms for the spacetime metric (1) are respectively
given by σ = ξ(t)µdx
µ = g0µdx
µ = g00 dt + g03 dφ, η = ξ(φ)µdx
µ = g3µdx
µ = g30 dt + g33 dφ.
This yields the following two forms
dσ = ∂rg00 dr ∧ dt+ ∂θg00 dθ ∧ dt+ ∂rg03 dr ∧ dφ+ ∂θg03 dθ ∧ dφ (37)
dη = ∂rg03 dr ∧ dt+ ∂θg03 dθ ∧ dt+ ∂rg33 dr ∧ dφ+ ∂θg33 dθ ∧ dφ (38)
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Now calculating the Hodge duals of (37) and (38), we write the integrals (35) and (36)(see
appendix B for details) as,
Kξµ
(t)
= − 1
8piG
∫
rN−3 cosN−3 θΛ(r, θ)dθdφdχ1 · · · sinχN−4dχN−3 (39)
Kξµ
(φ)
= − 1
8piG
∫
rN−3 cosN−3 θΨ(r, θ)dθdφdχ1 · · · sinχN−4dχN−3 (40)
where Λ, Ψ are defined as
Λ(r, θ) =
√
g22g33Λ10 = (g33∂rg00 − g03∂rg03)
√
g22
g33(−g00g33 + g203)
, (41)
Ψ(r, θ) = − (g33∂rg03 − g03∂rg33)
√
g22
g11(g203 − g00g33)
(42)
To find the effective values ofKξµ
(t)
andKξµ
(φ)
the above integrations (39, 40) need to be performed
over all the angular variables (θ, φ, χ1, · · χN−3).
Let us first separate different parts of the integral (39) and (40) in the following manner
Kξµ
(t)
=
1
8piG
∫ 2pi
φ=0
dφ
∫ pi
θ=0
r(N−3) cosN−3 θ Λ(r, θ)dθ∫ pi
χ1,χ2,···,χN−3=0
dχ1 sinχ1 · · · sinχN−4 dχN−3, (43)
Kξµ
(φ)
=
1
8piG
∫ 2pi
φ=0
dφ
∫ pi
θ=0
r(N−3) cosN−3 θ Ψ(r, θ)dθ∫ pi
χ1,χ2,···,χN−3=0
dχ1 sinχ1 · · · sinχN−4 dχN−3. (44)
Performing the integrations over the azimuthal angle (φ) and angular variables (χ1, χ2, · · ·χN−3),
we find
Kξµ
(t)
=
A¯N−3
4G
∫ pi
θ=0
r(N−3) cosN−3 θ Λ(r, θ)dθ (45)
Kξµ
(φ)
=
A¯N−3
4G
∫ pi
θ=0
r(N−3) cosN−3 θ Ψ(r, θ)dθ. (46)
where A¯N−3 has been defined in (14). Now an explicit integration over the polar angle (θ) gives
the desired results for the effective values of different Komar conserved quantities for arbitrary
dimensional charged Myers-Perry black holes. These are given by
Kξµ
(t)
=
A¯N−3
G
(
m
2
− q
2
rN−2
− q
2a2(a2 + r2)
NrN+2
2F1(2,
N
2
;
N
2
+ 1;−a
2
r2
)
)
, (47)
and
Kξµ
(φ)
= − aA¯N−3
4GrN+4
(K1 −K2) (48)
where,
K1 =
4mNrN+4 + 2q2r2[a4(N − 2)2 + a2(N − 4)(N − 2)r2 − 4(N − 1)r4]
N(N − 2) (49)
K2 =
2a2(N − 2)q2(a2 + r2)2 2F1(1, N+22 ; N+42 ;−a
2
r2
)
N + 2
. (50)
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In the above expressions 2F1 is a hypergeometric function,
2F1(b, c; d;−a
2
r2
) = 1 +
b.c
1!d
(−a
2
r2
) +
b(b+ 1).c(c + 1)
2!d(d + 1)
(−a
2
r2
)2 + · · ·. (51)
Note that for a finite r, the effective values of Kξµ
(t)
and Kξµ
(φ)
differ from their asymptotic values
only due to presence of electric charge (q) in black holes. The extra contributions come in two
different ways, one is proportional to the electric charge and the other is a coupling between the
charge and the reduced angular momentum parameter (a). The second one can be termed as a
gravito-electric effect. In the asymptotic limit all contributions due to the electric charge drop
out and we find,
lim
r→∞
Kξµ
(t)
=
mA¯N−3
2G
(52)
lim
r→∞
Kξµ
(φ)
= − maA¯N−3
(N − 2)G. (53)
Comparing these relations with (7), (8) and using the relations (10), (14) one finds,
lim
r→∞
Kξµ
(t)
=
2(N − 2)
(N − 1) M (54)
lim
r→∞
Kξµ
(φ)
= −2J. (55)
From these two equations it is now clear that only in (3+1) dimensions the asymptotic value
of the Komar conserved quantity, corresponding to the Killing vector ξµ(t) = (1, 0, 0, 0), gives
the correct value of the black hole mass (M). For any other higher dimension the value of
Kξµ
(t)
differs from the black hole mass by a dimension dependent numerical factor. The other
conserved quantity Kξµ
(φ)
differs by −2 factor from the angular momentum (J) for all spacetime
dimensions greater than or equal to four.
So far we have shown a complete scheme for calculating two Komar conserved quantities
without using the asymptotic approximation. The motivation of doing that is to find the value
of the Komar conserved quantity at the black hole event horizon. At the event horizon none of
ξµ(t) or ξ
µ
(φ) are Killing vectors. To see this recall that for a vector χ
µ to be Killing at the event
horizon one must have χµχµ|r=r+ = 0, i.e. it should be null at the event horizon. However for
the spacetime metric (1) none of the above two vectors satisfy this condition. Only a specific
linear combination of those vectors, given by, χµ = ξµ(t) + ΩHξ
µ
(φ) (where ΩH is the angular
velocity at the event horizon) satisfies this condition. It can be verified that the use of χµ leads
to the correct result for the surface gravity κ =
√
−12(∇µχν)(∇µχν)
∣∣
r=r+
= F
′(r+)
2 (17) which
is related to the Hawking temperature (19) through the relation T = κ2pi . Thus the black hole
event horizon is a Killing horizon of the Killing vector χµ. Since this is a Killing vector one can
again associate a Komar conserved quantity at the event horizon, which can be finally brought
to the following form
Kχµ = Kξµ
(t)
+ΩH Kξµ
(φ)
(56)
Now it is easy to calculate this quantity by using the horizon condition ∆|r+ = 0 and by using
equations (11), (47) and (48). This result is found to be
Kχµ = 2
(
pirN−3+ (r
2
+ + a
2)A¯N−3
N − 2
)(
(N − 4)(r2+ + a2) + 2r2+ − (N − 2)q2r2(3−N)+
4pir+(r
2
+ + a
2)
)
(57)
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where we have used the following identities involving the hypergeometric functions,
Na2
(N + 2)r2
2F1(1,
N + 2
2
;
N + 4
2
;−a
2
r2
) + 2F1(1,
N
2
;
N + 2
2
;−a
2
r2
) = 1 (58)
2F1(2,
N
2
;
N + 2
2
;−a
2
r2
) =
N
2(1 + a
2
r2
)
+ (1− N
2
)2F1(1,
N
2
;
N + 2
2
;−a
2
r2
) (59)
It is very interesting to note that, using (15) and (19), equation (57) can be written as
Kχµ = 2ST, (60)
i.e. the Komar conserved quantity at the event horizon corresponding to the null Killing vector
is twice the product of Hawking temperature and black hole entropy. A remarkable feature of
the above relation is that it is independent of the number of dimensions N .
It is possible to make a correspondence of (60) with a recent relation,
E = 2ST, (61)
discussed in the literature [19],[34]-[38]. Here E is the conserved Noether charge corresponding
to a diffeomorphic transformation that exists with or without a black hole metric. In the case
of a black hole we are able to precisely identify E as the conserved Noether charge that is equal
to a particular combination of properly normalised Komar conserved quantities given by (56).
For the particular case of 3+ 1 dimensions only, the relation (60) was found earlier by two of us
[19].
5 Smarr formula for charged Myers-Perry black holes
To understand the significance of (60) in arbitrary dimension we proceed as follows. First note
that, the right hand side of (60) can be written in terms of surface gravity (κ) and horizon area
(AH) of the black hole as 2(
AH
4 )(
κ
2pi ). Now we want to rewrite the left hand side of (60) as a
combination of three seperate terms, one invoving m, one involving ma and the other involving
q2. To do that we use (56), (47), (48) together with the identities (58), (59) and the expression
of ΩH (11). This gives
A¯N−3
G
(
m
2
− maΩH
N − 2 −
q2r2−N+ [a
2(N − 3) + r2+(N − 2)]
(N − 2)(a2 + r2+)
)
= 2
κAH
8pi
(62)
Making use of the relations (7), (8) and (9) we write the above relation as,
2M(N − 2)
(N − 1) − 2ΩHJ −
2Q2r4−N+
(N − 1)(a2 + r2+)
− 2Q
2r2−N+ a
2(N − 3)
(N − 1)(N − 2)(a2 + r2+)
= 2
κAH
8pi
(63)
The scalar potential Φ at the event horizon is given by the timelike component of (5). This
is found by contracting Aµ with the Killing field, χ
µ = ξµ(t) + ΩHξ
µ
(φ) = (1, 0, 0,ΩH , 0, · · ·)
corresponding to the metric (1) and is given by
Φ = χµAµ
∣∣
r=∞
− χµAµ
∣∣
r=r+
=
Q
(N − 2)rN−4+ (r2+ + a2)
(64)
Using the above relation, (63) is written as,
M(N − 2)
(N − 1) − ΩHJ −QΦ
(
(N − 2)
N − 1 +
a2(N − 3)
r2+(N − 1)
)
=
κAH
8pi
(65)
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Structurally this is very similar to the Smarr formula. However there is only one unfamiliar
term (involving a2) arising at the left hand side of (65). Let us now recall that the spacetime (1)
is a solution of the Einstein-Maxwell equation only for slowly rotating case (upto linear order
in a) [9]. Therefore we can drop this unfamiliar term and rewrite (65) in the following way,
M(N − 2) = (N − 1)ΩHJ + (N − 2)QΦ + (N − 1)κAH
8pi
. (66)
This is the cherished Smarr formula for the N + 1 dimensional charged Myers-Perry black
hole. In the following we show that (66) is indeed compatible with the first law of black hole
thermodynamics.
Looking at the metric (1) we can express the following three basic variables in terms of their
dimensionless primed counterparts, given by
m = λN−2m′, a = λa′, q = λN−2q′ , (67)
where λ is a dimensionful quantity having the dimension of length. Now using (67) it is easy
to check that the horizon radius can be expressed as r+ = λr
′
+. Exploiting these four basic
transformations in (7), (8), (9) and (13) we obtain the following relations
M = λN−2M ′, J = λN−1J ′, Q = λN−2Q′, AH = λ
N−1A′H . (68)
Now if we treat M , J , AH and Q as independent variables then (66) is a homogeneous equation
of degree (N − 2) in M , (N − 1) in J , (N − 2) in Q and (N − 1) in AH . Therefore one can
now exploit Euler’s theorem on homegeneous functions to extract the differential form of Smarr
formula,
dM =
κ
8pi
dAH +ΩH dJ +Φ dQ. (69)
This is the desired result of the first law of black hole thermodynamics for rotating, charged
black holes in arbitrary dimensions, compatible with (66).
We now provide certain consistency checks on this new Smarr formula (66). In 3+1 dimen-
sions the resulting relation is the Smarr formula for the Kerr-Newman black hole. This was
originally given by Smarr [1] and also by Bardeen, Carter and Hawking [20]. Moreover (66) is
consistent with the result for the R-N black hole as derived in (28). Finally, this result also
gives the correct Smarr formula for the arbitrary dimensional (charge-less) Myers-Perry black
hole[12].
6 Conclusions
Let us summarize the main results of our paper. We have calculated the semiclassical Hawking
temperature (T ) and the entropy (S) of an arbitrary dimensional charged Myers-Perry black
hole. Then we introduced a formulation where the Komar conserved charges corresponding
to appropriate Killing vectors were calculated at any arbitrary point on or outside the event
horizon. This may be compared with conventional mathods where these conserved charges are
calculated either at the horizon or at infinity. Using these results, we found the conserved
quantity (Kχµ) at the event horizon for the null Killing vector (χ
µ) which was a combination of
two vectors which are, respectively, asymptotically time-like and space-like. Interestingly, Kχµ
satisfies the remarkable relation Kχµ = 2ST for any dimensions.
The striking nature of Kχµ = 2ST was that in spite of the explicit dimensional dependence of
all individual quantities (Kχµ (57), S (15), T (19)) the relation itself was completely dimension
independent. Furthermore, no explicit black hole parameters (like mass, angular momentum
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or charge) appeared in this relation. This indicates the possibility of the identity being valid
in general and not confined to just black holes. In fact, based on a Lagrangian approach,
Padmanabhan [34]-[37] suggested the possibility of such an identity whenever a local Killing
horizon existed. In that case the left hand side of the identity was a conserved Noether charge
corresponding to a diffeomorphic transformation and was represented by a new improved surface
integral. The explicit demonstration of this identity as well as the definition of the surface
integral in terms of Komar integrals in the black hole context was a new result of our paper. As
an application of this identity we also derived the generalized Smarr formula for charged Myers-
Perry black holes in any dimension. Several consistency checks were performed which reassured
the validity of this new formula. Using the Euler’s theorem on homogeneous functions the
compatibility of the generalised Smarr formula with the first law of black hole thermodynamics
was demonstrated. In fact we also exploited this theorem to generalise the original work of
Smarr [1] to obtain the Smarr formula for arbitrary dimensional Reissner-Nordstrom black holes.
However this approach could not be generalised to the rotating case.
Regarding future prospects we cite a recent work by Barnich and Compere [21] who provided
a new approach to derive the generalised Smarr formula for higher dimensional rotating black
holes in flat or AdS background. From this approach it might be possible to find the above
dimension independent identity (60) where the improved surface integrals could be used to define
the left hand side. This optimism is borne by the fact that notions of improved surface integrals
were also used in the Lagrangian approach [34]-[37] to define the identity. Such surface integrals
are expected to provide a connection between the Lagrangian and Hamiltonian approaches. We
leave these and related issues for a future publication.
Appendix A: Dimensional Reduction for Charged Myers–Perry
Black Hole
We consider the complex scalar action under the background metric (1):
A = −
∫
dN+1Xϕ∗(∇µ + iAµ)(∇µ − iAµ)ϕ (A.1)
where dN+1X =
√−gdtdrdθdφdχ1......dχN−3 with √−g given by (6). Now substituting the
expansion for ϕ in terms of spherical harmonics
ϕ =
∑
m1,m2,...,mN−1
ϕm1,m2,...,mN−1(t, r)Ym1,m2,...,mN−1(θ, φ, χ1, ...., χN−3) (A.2)
and then using
dr∗ =
(r2 + a2)rN−2
∆
dr
LˆφYm1,m2,...,mN−1(θ, φ, χ1, ...., χN−3) = m2Ym1,m2,...,mN−1(θ, φ, χ1, ...., χN−3) (A.3)
we obtain,
A =
∑
m′1,m
′
2,...,m
′
N−1
ϕ∗m′1,m′2,...,m′N−1
(t, r)Y ∗m′1,m′2,...,m′N−1
(θ, φ, χ1, ...., χN−3)
∫
dt dr∗dΩN−1
√
γrN−3 sin θ cosN−3 θ
[
(r2 + a2)(∂t + iAt)
2 − ∂r∗(r2 + a2)∂r∗
+
∆
(r2 + a2)rN−2
(Gˆ+ Lˆ2(θ,χ1,....,χN−3))
]
∑
m1,m2,...,mN−1
ϕm1,m2,...,mN−1(t, r)Ym1,m2,...,mN−1(θ, φ, χ1, ...., χN−3) (A.4)
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where,
At = −eV (r)−m2Ω(r);V (r) = Q
(N − 2)rN−4(r2+ + a2)
; Ω =
a
r2 + a2
(A.5)
and Gˆ, Lˆ2(θ,χ1,....,χN−3) are operators whose explicit forms are not necessary and e is the charge
of the complex scalar field. Since near the horizon ∆→ 0, the scalar action reduces to
A ≃
∑
m′1,m
′
2,...,m
′
N−1
ϕ∗m′1,m′2,...,m′N−1
(t, r)Y ∗m′1,m′2,...,m′N−1
(θ, φ, χ1, ...., χN−3)
∫
dt dr∗dΩN−1
√
γrN−3 sin θ cosN−3 θ
[
(r2 + a2)(∂t + iAt)
2 − ∂r∗(r2 + a2)∂r∗
]
∑
m1,m2,...,mN−1
ϕm1,m2,...,mN−1(t, r)Ym1,m2,...,mN−1(θ, φ, χ1, ...., χN−3) (A.6)
Now using the orthonormal condition∫
dθdφdχ1....dχN−3 sin θ cos
N−3 θ sinχ1.... sinχN−4
Y ∗m1,m2,...,mN−1(θ, φ, χ1, ...., χN−3)Ym′1,m′2,...,m′N−1(θ, φ, χ1, ...., χN−3)
= δm′1,m1 .......δm′N−1 ,mN−1 (A.7)
we obtain,
A ≃
∑
m1,m2,...,mN−1
ϕ∗m1,m2,...,mN−1(t, r)
∫
dt dr∗rN−3
[
(r2 + a2)(∂t + iAt)
2 − ∂r∗(r2 + a2)∂r∗
]
ϕm1,m2,...,mN−1(t, r) (A.8)
Reverting back to the original r coordinate,
A ≃ −
∑
m1,m2,....,mN−1
∫
dt drH(r+)ϕ
∗
m1,m2,....,mN−1(t, r)
[
− (r
2 + a2)rN−2
∆
(∂t + iAt)
2
+ ∂r
∆
(r2 + a2)rN−2
∂r
]
ϕm1,m2,....,mN−1(t, r) (A.9)
Here H is a function of r+ whose explicit expression is not required for our analysis. This
shows that each partial wave mode of the fields can be described near the horizon as a (1 + 1)
dimensional complex scalar field with two U(1) gauge potentials V (r),Ω(r) and the dilaton field
ψ = H(r+). It should be noted that the above action for each m1,m2, ....,mN−1 can also be
obtained from a complex scalar field action in the background of metric
ds2eff = −F (r)dt2 +
dr2
F (r)
, (A.10)
where
F (r) = 1− m
rN−4(r2 + a2)
+
q2
r2(N−3)(r2 + a2)
(A.11)
with the dilaton field ψ. For detailed study on dimensional reduction see [25, 26, 39]. Subse-
quently we use this effective metric to derive the Hawking temperature (19).
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Appendix B: Calculation of Komar Integrands
We introduce the following orthonormal basis for the spacetime metric (1)
κ0 = −
√(
g203
g33
− g00
)
dt
κ1 =
√
g11dr
κ2 =
√
g22dθ
κ3 =
√
g33(dφ+
g03
g33
dt) (B.1)
κ4 = r cos θdχ1
κ5 = r cos θ sinχ1dχ2
κi = r cos θ sinχ1 · · · sinχi−4dχi−3 (where 6 ≤ i ≤ N + 1)
in which the metric (1) takes the Minkwoskian form
ds2 = −κ20 + κ21 + κ22 + · · ·+ κ2N (B.2)
Using the inverse relations,
dt = − 1√
g203
g33
− g00
κ0
dr =
1√
g11
κ1
dθ =
1√
g22
κ2
dφ =
1√
g33
(
κ3 +
g03√
g00g33 + g203
κ0
)
(B.3)
dχ1 = (r cos θ)
−1
κ4
dχ2 = (r cos θ sinχ1)
−1
κ5
dχi−3 = (r cos θ sinχ1 · · · sinχi−4)−1κi (where 6 ≤ i ≤ N + 1)
(37) is written as
dσ = Λ10κ1 ∧ κ0 + Λ20κ2 ∧ κ0 + Λ13κ1 ∧ κ3 + Λ23κ2 ∧ κ3 (B.4)
where
Λ10 = − 1√
g203 − g00g33
(√
g33
g11
∂rg00 +
g03√
g11g33
∂rg03
)
(B.5)
Λ20 = − 1√
g203 − g00g33
(√
g33
g22
∂θg00 +
g03√
g22g33
∂θg03
)
(B.6)
Λ13 =
1√
g11g33
∂rg03 (B.7)
Λ23 =
1√
g22g33
∂θg03 (B.8)
(B.9)
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The Hodge dual of (B.4) is
∗dσ = (−Λ10κ2 ∧ κ3 + Λ20κ1 ∧ κ3 + Λ13κ2 ∧ κ0 − Λ23κ1 ∧ κ0) ∧ κ4 ∧ κ5 ∧ · · · (B.10)
Using (B.1), the above expression is written in the usual coordinates as,
∗dσ = (−Λ10√g22g33dθ ∧ dφ+ [−Λ10g03
√
g22
g33
− Λ13
√
g22
g33
(g203 − g00g33)
1
2 ]dθ ∧ dt
+Λ20
√
g11g33dr ∧ dφ+ [Λ20g03
√
g11
g33
+ Λ23
√
g11
g33
(g203 − g00g33)
1
2 ]dr ∧ dt) ∧
(r cos θdχ1) ∧ (r cos θ sinχ1dχ2) ∧ · · · (B.11)
At this point we need to choose an appropriate boundary (∂Σ) characterised by a constant r
and dt = − g03g00dφ. This choice of surface reduces (35) to
Kξµ
(t)
=
1
8piG
∫
Λ10
√
g22g33(r cos θ)
N−3dθdφdχ1 sinχ1dχ2 · · ·+
1
8piG
∫
g03
g00
[
Λ10g03
√
g22
g33
+ Λ13
√
g22
g33
(g203 − g00g33)
1
2
]
(r cos θ)N−3dθdφdχ1 sinχ1dχ2 · ··
The second term of the right hand side measures the time shifting, when one moves along a
closed contour. Since the calculation is perfomed over simultaneous events we subtract this
term[17, 18] from the above integral to obtain,
Kξµ
(t)
=
1
8piG
∫
Λ10
√
g22g33(r cos θ)
N−3dθdφdχ1 sinχ1dχ2 · ·· (B.12)
Making use of (B.5) we write the above equation as (39). Similar consideration for the other
Killing vector will give the relation (40).
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